
All-Pairs Shortest PathDijkstra's AlgorithmShortest Path

&urpist
: 81m, r> for all pairs of (n, v)& Maintain set of exploring nodes S

.G = SV , E)
.

Directed Graph <undirected = 2
* directed)

Data Structure (for storing all Scur)]int S: 253 . S .
do , Spinil , Fres . v . d = &

.&ISource"s" ,
destination ""

, edge weight robes = bengtn of e

if storing all pairs explicitly => Spare : &Lv3>② key lemma :

=> Find shortest path from s to +

Storing each 10(m.v] :

I all eages leaving S is relaxed. Let veV-s . v .
d is minimum

& 1s . ) = length of shortest path
verymatrix = Space : &(vs extraction : &(1)

=> v.
do = 84s , v >Single-source shortest path : fixed source to all nodes in graph

Using Previous Algorithms·rithm :AugNegative Weight Cycles
Dijkstra's Algorithm : T = & (VElogv> ifdense, & (BlognsDijkstra (G . 3) :

&
S

- 6 ye->4

14 if negatives weightfor each reV do :

7

7 ~ d < as
. D . p : wil

. v. colors white
Bellman-Fond : & (V . UE) if dens & /nY]Problem is not well-defined in Negative Weight Cycles 5. a < 0 .

We can always continue in

cycles !
create a priority min-heap & using d as key . Dynamic Programming
inserve (Q , 3)=> Assume no negative cycles Solution 1 : diminM + w( , j2 3 . di = w(i , j)While& :

Subpath optimality Time :

Runningu < Extract-min (Q)
where dis : Length of shortest path from i to j contains at most m edges.Lemma : Lemmten if u . color: black . Continue .

QUELogV]using⑧

*

& .&

output (1, n . d
,

u .pr↑ uS

u. color : black
,

(S .> is shortest path => subpath Ls .>Sauces are shortest

relax als edgey
/ for

to Adgius do :

proof by contradiction if v-color = white andrd +wh sudthen :

i Is , u> is not shortest
. then a shorter Cs .w) exists ,

v . p < v.

then 23.2) is not shorters since we can switch Shoul to Is m leaving
&

& (nP) time , &(13) space I can be improved to SJn] >
v . d < n . d + 1Sm> v >

=> Contradiation ! Insert LQ , v 7 Solution 2 : dimin+ ( down size by half s .

Concept of Relaxation

Correctness (Proof of Key Lemmasv . d
⑨

V . P Lemma : If allrages leaving S is relaxed. Let veV-s . v .
d is minimumu. d

>
a S

w- p >
Solution 3 : Floyd-Warshall=> v.

do = 84s , v >if v . d > n .
d + rolurs then ,

Length of shortest path from i toj contains vertices in E2......
v d = m. d + conur] and r. p

= n Proof By contradiction :

# (k - 1)

Assumes God + 853 , v) : Since v . d > Saus
,

v .
d > 85v> dij

= minddig , and 3
.Bellman - Ford Algorithm

& Set all v. d = es
, except . S .

d = P Consider theShortest path from stor

& relax all edges once.

let x be the last node in S and y be the first node outsides:

relax all edges V-1 times , ↓ x -

y
is on the shortest pains* d = Sex , y) by definition

Floyd-Warsherl) (G) :

Shortest- Path (G , 3) : Since
X-Y

has been relaxed => y
.
d = x . d + w(x ,

y) dij = Whi , j) and intermed [i,p > wil for all 1sijsm -

for each node vo U :

for k + I to :since

Xzy
is in the shortest path from snov .v. d < a

for isI to n :

&Sub timeS . d < 0 .

then the subpath froms toy
in also shortest (proved previously for jo 1 to ni

for is 1 to V-1 do :

& is space
if dik + dry s dig then :

for all edge (n . v] E :

=> S1s , y)
= x .

d + w(x , y) ,

dig : hik + dxyif v . d > nod + co(u , v) then :

SJS .

y
> 8 (s . v) Assuming no negative weightsv. d = m. d+ W(u , v] intermed [i, j)s K

.

v. p >1 -

y
. d. 8( ,

y)s
81 , v) < v . d => v does not have minimum dr ! Contradicted ! return IP

=> proved
If

Bellman-Food as Dynamic Programming Extracting Shortest Path :

& Dijkstra fails with Negative Weights
"

(v
.
Gli) = min G Medlines + wars 3.

us , (m , Us E Cannot Be Fixed By "re-weighting" (i . e . adding constant)
v d [0) = 0

**Search
Belsman - Food (G > 3) :

Procedure :

for each mode roU :

1. Create Search tree T , put in start node No
v. d = 0 , v .pXnil .

5. d < 0 . Put no on a list called OPEN
.

for i = 1 to V- 1 :

2. if &PEN is empty .
return failure .

Tfor each n V :

3.ifw.d changed in previous iteration :

OPEN
extract

, first node n

for each No Adjus :

4 if n is "goal node"
,

return the path (Solutions : no > n ,

if u . d + colurs < v . d then :

- "All his successors"5. else :
~a < mod + clu, r]

X
v. p < Expand n. remaining, add intoCXY

if no v.d changed in this iteration then terminate .

heuristic functionsusing GDelete those which alreadyis ancestor

Shortest Path in DAG
6. Reorder (Sort] the List &PEN in ascending order of finl = hbn +glas

& (Scv) =min & 81sus + who. .
7 back to Step 2

&

&AG-Shortest-Path [G . 3) :

topologically sort vertices in G .

for each Vertex v. V

V .
&2 a

U.

p
< wil .

s . d &

for each vertex is in topological order .

A

for each No Adjus :

if u . d + colurs < v . d then :

~a < mod + clu, r]

v. p <


