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Union - finds" data Structure
Minimum Spanning Trees

G = (V . Es with real-valued edge weights
MST(Minimum Spanning Tree) : Subset of edges TSE

,

Where T is a tree that connects all nodes whose sum of weighes
isminimized

Prim's Algorithm: Find-set (x) :

Make-Set (X] :

Initialize S= any one mode)
.

if XParent != X then :

* parents X

min cost edge e= (1 . v> with utS and voU-s to TAdd
X2 XpanentS * heights 0 .

* adv to 3.
return X

Repeat until S = v

Union (xy2 : 11 Union By HeightPrim [G ,
n] :

a find-set (x)for each vaV do :

v. key
- 0

. V.p nil
, v.color White

. b < find. see (y >

r key = 0 .

if a height -b. height then :

insert all keys in a min priority quere & on W

if a height
= D. height then

.

while ** &:
bheightb.height + 1 .

u+ Extract-min /@)
aparent b

n . Color black
.

else b
. parent a.for each vo Adjus do :

if v color : white and 10/b , v > > v . key then
.

v. ps
u

Running Time : OClogus for "find-set' &"union"v· Key
+ ro(n . v > Decrease v's key value to colu , vs

Decrease-keyLQ , v = W(usu] proof by induction :

and rearrange queue
will show that for any tree with height h .

its size is at least I"
"Not preferred :

"

Prim [G ,
n] :

At first h(x = 0
,

Size (x) = 1 - 1320 (Base cases
modifiedfor each vaV do :

2
Assume

,
Above hypothesis holds before union (sys , (inductive stepv. key

- 0
. V.p nil

, v.color White
.

r key = 0 . Let the resulting tree (After union's height and size be hix) , size IX'3
insert all keys in a min priority quere & on W

if hixs < hiyswhile ** &:

u+ Extract-min /@) Size (*) = Size (x) + size

sys
zh(x) + 2hxy) s

,
2h(y) = zh(x)

if no color : black Continue . I h(x) = hiysifoutput <u> u. p >

n . Color black
.

Size (*) = Size (x) + size

sy)
zh(x)+hy) = 2h(y) + 1 znxx)

for each vo Adjus do :

if v color : white and 10/b , v > > v . key then
. if hixs hiys

v. ps
u

Size (*) = Size (x) + size

sy)
zh(x) + 2hxy) s

,
2h(x) = zh(x)

v· Key
+ ro(n . v >

Insert /E - v y
=> A tree with height h has size at beast 24 .

=> A tree with height logn has size at beast nSut Lemma

Assumption : All edges weights are distinct => "find-see" is "climb up" whole tree - Allogns ·

Cat Lemma : for any subset S of modes . Let e be the min-cost edge with one endpoint in 3
=> "Union"'s running time is dominated by "find-see" - &(bogn >

Then M3T Must exist e

Proof : if not contains e. assume Contains e . then we fan change e toe and the tree still holds Path Compression
while the total weight is lower , Contradiction . So e is in MST ·

Kruskal's Algorithm :

Starts with
empey tree T

Consider edges in increasing order of weight .

Case 1 : If adding so t creates a cycle
-> delete e

Case 2 : if not . insert e = Lucy no T

Implementation :

& How to detect ce ?

cy Kruskal's Algorithmif DFS = @CIE. 161] time

MST-Kruskal[G]
=> Want to check in &Glog(VI time

for each Vertex vo V :

Observation : the actual structure of T does not matter

Sorting

Make
- Set hus

=> "True A set of nodes" Sort edges of G in order of edge weight
After adding an edge , two sets are "union" together . for each edge (u, v] @E taken in above order

.

if find-set (u) != find-set Las Is if Crews will not from a cycle
output edge Su , v >

union (b , v)

Running Time : &(IE : log(E) + & (IEllog(vI] = & S11bogiv 2

"IE1 · find-set/union
"

Correctness of Algorithm = Cut Lemma
.


