
Huffman Encoding
The algorithm Lemma 4 : Let T be a prefixcode tree in which xsy

are two sibling leaves Optimal 2-Way Merge
HuffmanbAs :

a "Minheap" Let To be obtained from T by removing X andy , naming their parent z , GivenaSortelist 2 .. 2 , 23 -. In with corresponding sizecreate a min-priority quere & on A ,
with weight as key

and setting flzz
= f(xs + fiys

Encoding : "Character" > "Codeword" for i < 1 ton - 1 : Want to combine them into I Sorted List
ablocate a new node, z Then : BLT] = BIT'S + f(x) + fij >

·

How to design as code minimizing bength of messages
*I Extract-min (Q) Find : an optimal merge pattern

-> minimize # comparisonsProof : BJT) = BIT - fIzidhE) + If(x) + flyb(d(z) + - >Extract-min (A)

Decoding : "Codeword" > "Character" & soft , X => Equivalent Problem :- BLT's - f(z)d(z) + f(z)Jd(z) + 1sWe warn : A
message

is uniquely decodable
"

size of the Lise"
7 rights y ↑

- Bli + f(z) = BITi + f(x) + f(y) A set of Leaf nodes a--an
,
With associated Weight Wais ... Whan* weight + y . Weight .

z. Weight
·

Prefix-free code
"

InsertL, z2

e.

g
. 51 = 0 + b =0 , -10 ,

d= 1 ) , is prefix-free Create a binary tree with these leaf nodes , minimizing BIT)
: E

,
ulail dolaisTheorem: The huffman tree is optimalreturn Extract-Min (G)

Actually there is only 1 element in & Li . e . the root of the trees

depth of aisince no codeword is a prefix (Es of another codeword

Proof by induction :2a , bor 3 > Not prefin-free :S a is a prefix of b 2
Y Punning Time : & Inlogns

Base case : n = 2 . Tree with 2 leaves
, obviously optimal=> Problem : For a given impur file , find the prefix-free code that

Proof ·Correctness

result in the smallest encoded messages) "Compression") Any optimal tree muse to be "full" ,

i

. e .Lemma 1 : Inducive Hypothesis : Huffman's algorithm produce optimal
every internal nodes west have two children

prefix tree for any inputs of n-1 characters

Correspondence : Binary Tree and Prefix Codes
Algorithm (similar to Huffman EncodingsInductive Step : Consider input ofa characters

Let It be the tree produced by Huffman's Alg . Want toShow : U is optimal Create a min-heap T11 ... n) base on n initial size

While Cheap size > do :Let A be the alphabet with n characters . (i . e . Alphaber for H) .

X > T
. extract-min 1)

& Godeword S associated with the character on the Leaf node) 2 T
. extract-min 1)Lemmaz : Let T be prefix code tree and I' be another obtained from T Y

= Binary string read of from the path : root , leafmode .

create nodes z whose children are a. b.by swapping two leaf node X and b

& length of the codeword = Depth of leaf mode => if fixzsf(b , dexs -dibs ,
then BIT's &BITL Size(zis Size(a) + Size >b]

J
T

. insert JE]
Problem Restated : => Les A be the alphabet for H : A' = AUdz3-Ex

,y3 return T . extract-min()
Given an alphabet A ofn characters an an -- an

4 is the tree produced by Huffman's algorithm on alphabet A
with Weight flac , flarl-- , flan , find a binary tree withn leaves

-

babeled as , as as , an Such that : It is the tree produced by Huffmans algorithm on alphabet A* is more frequent than b

if In (codeword(x > ↑
.

Then BIT ↑ ↳&It] :E flai is is minimized

By Hypothesis . It is optimalProof : BITC = BITS-fLbIdiLbs -f(xdex) + f(b2 dex + f(x) &(b)&

depth of mode ai > Length of corresponding codeword
&(T) - BIT] = f(b) (dxx-d(b1) - f(x) ( dex) - dabs

By Lemme 3 .
There is an optimal tree T in which

xy
are siblings"

Greedy Idea" :

= Ifibs-fix > > /drix-dr(b)] = 0 leaves at the deepess level of the treeCreate a subtree :

Al
&=> BIT < BLT

> Label the root Ihabet T7X

"A set fizz = f(x + flys
=>

Remove x ,y from A= Lemma 3 : Consider the two characters X ,

Y
with the smallest frequencyX

2Y Adrdz to A&
↑ &

There is an optimal tree in which these to characters are sibling :pick two characters
↓

with the smallest weight leaves at the deepess level of the Tree

=> BIT) = BIT + flxs + flys : (LemmaysRepeat this proceduce ("menge"s
until only one character befe in A

=> BLM) = B(r's + f(x) + f(y)
=> BLT + f(x) + f(y)
= BIT)

=> BLU] - BIT)
,
Since T is optimal , It is optimal


